Abstract-Signal outage, due to shadowing and blockage, is expected to be the main bottleneck in millimeter wave (mmWave) networks. Moreover, the anticipated dense deployment of base stations in mmWave networks is expected to increase the interference from strong line-of-sight base stations too, thus further increasing the probability of outage. To address the issue of reducing outage, this paper explores the possibility of base station co-operation in the downlink of mmWave heterogenous networks. The main focus of this work is showing that, in a stochastic geometry framework that incorporates blockage, co-operation from randomly located base stations decreases the probability of outage/increases the coverage probability. Coverage probabilities are derived accounting for: blockage, different fading distributions on the direct links (but always Rayleigh fading on the interference links), antenna directionality, and different tiers. Numerical results suggest that coverage with base station co-operation in dense mmWave systems (i.e., with high average number of base stations per square meter), without small scale fading on the direct communications links, and with any probability of signal blockage, considerably exceeds coverage without co-operation. In contrast, a small increase in coverage is reported when mmWave networks are less dense, have a high probability of signal blockage and the direct communications links are affected by Rayleigh fading.
future 5G wireless mobile networks. Until recently, mmWave frequency bands were presumed to be unreliable for cellular communication due to blockage, absorption, diffraction, and penetration, resulting in outages and unreliable cellular coverage [2] . However, advances in CMOS radio-frequency circuits, along with the very small wavelength of mmWave signals, allows for the packing of large antenna arrays at both the transmit and receive ends, thus providing highly directional beam forming gains and acceptable signal-to-noise ratio (SNR) [2] , [3] . This directionality is expected to reduce interference when compared to microwave networks [2] . It is thus anticipated that mmWave spectrum holds tremendous potential for providing multi-Gigabits-per-second data rates in upcoming cellular systems [4] .
MmWave networks are envisioned to be dense and heterogeneous, with a variety of different types of users including low power nodes, relays and device-to-device (D2D), etc., all being incorporated into the 5G mmWave networks [5] . Each different type of users may require different quality of service (QoS) levels, and may have different types of backhauls [6] . It is thus reasonable to model these networks as having different tiers of base stations.
Cooperation between macro, pico and femto base stations has been proposed to enable a uniform broadband user experience across the network, and coordination among different tiers will be a key requirement to mitigate interference in dense 5G networks [5] . With cooperation, receivers will be allowed to have a dual connectivity by simultaneously connecting to the base station from a macrocell and that from small cell for either uplink and downlink communications [5] . In this work we thus consider different tiers of cooperating base stations.
Since cooperation in mmWave network has been proposed for 5G networks [5] and since existing results for cooperation in microwave networks can not be leveraged to infer its impact on mmWave networks (due to, for example, the fact that the mmWave networks have sparse channel matrices and are highly affected by blockage [7] ), in this work we account for the distinctive features of mmWave networks compared to microwave networks and characterize the coverage probability. Our analysis aims to unveil when cooperation is beneficial and when it provides minimal gain.
A. Past Work
MmWave cellular systems and CoMP networks have been studied in the past. In [4] the authors compared the performance, in terms of coverage and capacity, of a stochastic geometry based mmWave network without CoMP to a microwave 1536-1276 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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cellular network, at a single antenna typical user/receiver. In [4] , directionality at the transmitters, intra-cell and inter-cell interference were accounted for but blockage was not included in the analysis; it was show that coverage in mmWave systems increases with the decrease in the half-power beam width of the radiation pattern. In fact, having narrower beams decreases beam overlap, thus decreasing intra-cell and inter-cell interference and increasing coverage probability. In this paper, we propose to study the problem of base station cooperation in the downlink of dense mmWave heterogenous network as a means to combat blockage and decrease signal outage. Our derivations of the coverage probability, similarly to [4] , account for interference experienced at the typical user, but in addition blockage is incorporated in the analysis.
In [7] , [8] the authors proposed a stochastic geometry framework to evaluate the performance of mmWave cellular networks with blockage but without CoMP. The authors incorporated blockage by modeling the probability of a communication link -being either a line-of-sight (LOS) or non-LOS (NLOS) link -as function of the length of the communication link from the serving base station. Different pathloss laws were applied to the LOS and NLOS links. Numerical results in [8] suggested that higher data rates can be achieved when compared to microwave cellular networks. One of the interesting observations made is that mmWave networks should be dense but not too dense since the number of LOS interfering base stations increases when the density of base stations increases. In this paper, we follow the modeling approach of [8] to incorporate blockage and to differentiate between LOS links and NLOS links from the base stations in the analysis of joint transmission in mmWave networks.
In [9] , [10] the authors used stochastic geometry to study microwave (but not mmWave) with joint transmission CoMP where single antenna base stations transmit the same data to single antenna users. Different performance metrics were considered to evaluate the performance at the typical user located at an arbitrary location (referred to as the general user) and receiving data from base stations with the strongest average received power. A user at the cell-corner (referred to as a worstcase user) was also considered. The coverage probability was derived for both types of users under the assumption that the base stations have no CSI. The case with full CSI was evaluated with different performance metrics (diversity gain and power gain). In this paper, the derivation of the coverage probability for a mmWave network with base station cooperation parallels that in [9] for the general user, except that key factors specific to the mmWave channel have to incorporated, namely blockage, highly directional transmission at the base stations, and different fading distributions for the direct links to model various amount of scattering.
The authors in [3] considered the problem of finding suitable single-user MIMO transmit precoding and receive combining matrices in mmWave systems under a set of hardware constraints suitable for large antenna arrays. The proposed design consists of: the transmitter applies a number of array response vectors at the RF level (which are phase only vectors) and forms linear combinations of these vectors using a digital precoder. A similar approach was developed in [11] for a multiuser MIMO downlink. In this paper, the cooperating base stations are modeled to beam steer (precode with phase only vectors) to the typical user and the receivers to apply a single combining vector (not necessarily a phase only vector) to process the received signal from the cooperating base stations.
B. Main Contributions
We study the benefits of base station cooperation in the downlink of a heterogenous mmWave cellular system as a means to decrease signal outage. To do so we incorporate the key factors specific to a mmWave system into the stochastic geometry based model of [4] , [7] [8] [9] [10] , [12] , namely: blockage by incorporating LOS and NLOS base stations, uniform linear arrays for highly directional transmission, and different fading distributions for the direct links while keeping Rayleigh fading on the interfering links. We consider single path channel models, which could be either LOS or NLOS. We formulate the problem for general MIMO receivers as well, but for sake of analytical tractability only the single antenna case in studied in this work. Integral expressions for the coverage probabilities are derived for the typical user with different fading distributions for the direct links (namely, Rayleigh, Nakagami and no fading) in the presence of blockage.
CoMP is expected to provide a substantial gain in coverage with the anticipated improved fading distribution and extreme base station densification in the presence of blockage. Our extensive numerical examples show that this is in fact the case for the following scenarios: (A) for dense mmWave networks where the number of interfering LOS base stations increases, and (B) when there is no small scale fading channel on the channel gains from the cooperating base stations (a good assumption due to the high directional transmission). We also provide examples when cooperation does not provide substantial increase in coverage probability.
We also observe that: (1) for noise limited networks base station cooperation does not provide substantial increase in coverage probability. This may be understood as follows: the gain from cooperation comes from the fact that it transforms the strongest interferers into cooperative links; since there is no interference in a noise limited system, the gain is subsequently negligible. Moreover, the fact that cooperating base stations are farther apart and experience higher path loss decreases the received power further, decreasing the cooperation gain. Also, (2) in the absence of blockage, the amount of increase in coverage probability with base station cooperation decreases with an increase in the number of transmit antennas. This may be understood as follows: with highly directional transmission interference is limited and therefore the gain from cooperation is limited as well.
C. Paper Organization
The downlink CoMP mmWave heterogenous network model, the beam steering at the base stations and the decoding at the typical user are explained in Section II. The coverage probability where each tier experiences blockage, and with the Rayleigh fading assumption (outdoor rich scattering scenario) is derived in Section III. In Section IV, we derive the coverage probability for the same network model but use the Nakagami fading distribution to model the fading distribution on the direct links of the cooperating base stations (outdoor limited scattering scenario). The assumption of having no small scale fading (indoor scenario) for the channel gains from the cooperating base stations is further considered in Section V. Proofs may be found in the Appendices. Tables I, II , III, and IV summarize the notation used throughout the paper.
II. SYSTEM MODEL

A. Network Model
Consider a K -tier heterogenous network where each tier is an independent two-dimensional homogenous Poisson point process (PPP). We denote the base station location process of tier k, k ∈ [1 : K ], by k . The mmWave base stations that belong to the same tier k transmit with the same power P k for k ∈ [1 : K ], i.e., base stations belonging to different tiers have different transmission power so as to model the network heterogeneity. The multi-tiers are overlaid and have different average cell radii r k , which result in different intensities
. In the following intensity and density are used interchangeably. 1 Each tier is characterized by a non-negative blockage constant β k for k ∈ [1 : K ]. The parameter β k is determined by the density and average size of objects within the tier and where the average LOS range is given by 1/β k [7] , [8] , [13] . The probability of the communication link being a LOS link (no blockage on the link) within tier k is P(LOS k ) = e −β k r , where r represents the length of the communication link, while the probability of a link being NLOS is P(NLOS k ) = 1 − P(LOS k ). The LOS and 1 The number λ k represents the average number of base stations per meter square in tier k and is inversely proportional to the average cell radius of a tier k cell. If λ 1 > λ 2 , then tier 1 is said to be denser than tier 2. In other words, tier 1 has on average a higher number of base stations per meter square than tier 2. Therefore, the number of interfering base stations on average in tier 1 is greater than that in tier 2. 
We study the coverage probability as experienced by the typical user located at the origin, and denote the set of cooperating base stations, which jointly transmit to the typical user, by T ⊂ ∪ K k=1 k . We assume that |T| = n, and that these n basestations correspond to those with the strongest received power at the typical user receiver (thus not neccesarily belonging to n different tiers). In the rest of the section, we first describe the channel model and then derive the output signal at the typical user's receiver.
B. Single Path Channel Model
The clustered channel model has been used to model the mmwave wireless channel between the base stations and the typical user [3] , [7] , [14] . In this analysis, however, we consider the single path channel model. This path could be either LOS or NLOS. The more general case with multiple clusters might result in different conclusions. We assume that all base stations have the same number of transmit antennas N t , while the receiver has N r receive antennas. The N r × N t channel matrix H v , between a base station located at v ∈ R 2 and the typical user, we consider in this analysis, is the single path channel which is expressed as
In the following for simplicity we use the following notation:
v α is the receive signal power for the signal sent by the base station at location v, • v is the distance from the base station at location v to the user at the origin, • similarly, v i is the distance from the base station at location v i to the user at the origin, 
where
is the normalized length of the array, and i is the normalized antenna separation (normalized to the unit of the carrier wavelength) at a path angle φ i v . 
C. Received Signal at the Typical User
In this section we further divide the points v ∈ R 2 into a set of points v i and l i to differentiate between the location of the cooperating and interfering base stations, respectively. The N r × N t desired channel matrices are denoted by H v i for i ∈ T, where n = |T| is a positive constant, while the interfering channel matrices are denoted by H l i for i ∈ T. To clarify the notation, Fig The received signal is
where the first sum in (3) is the desired signal from the cooperating base stations, while the second sum contains the signals from the interfering base stations, and n is the noise vector of
The user associates with a set of cooperating base stations T that provide the strongest average received power [10] T = arg max
and 
D. Beam Steering
The base stations in T jointly send the same data to the receiver. Each base station beam steers to the typical user, therefore the transmitted signal is
where s is symbol transmitted by the cooperating base stations to the typical receiver. The signals transmitted by the interfering base stations are
where s l i is the channel input symbol transmitted by the interfering base stations, while the angle θ t l i is the angle used by base station l i to beam steer to a user other than the typical user, and is different from φ t l i in general. We assume that s and s l i are independent zero mean and unit variance random variables.
Assumption 1: The cooperating base stations have perfectly beam steered to the typical receiver: notice that the angles in (5), used by the base station to beam steer, are equal to the clusters' angles of departure in the desired channel in (3).
E. Decoding
The receiver uses the vector w ∈ C N r ×1 to detect the scalar transmit symbol s by processing the received signal y as
Remark 1: The choice of w in (7) is one choice of a linear decoder that can be implemented using an RF (analog) and base band (digital) combiner. If one wants to consider a decoder with better performance, then the work in [3] , which finds a hybrid MIMO receiver combining algorithm and minimizes the mean-square-error between the transmitted and received signals under a set of RF hardware constraints for the resulting pointto-point channel should be generalized to finding a suitable algorithm for the downlink cooperative channel in the presence of interference.
Assumption 2:
We assume perfect CSI of the path angles at the decoders since these angles vary slowly. However, we assume that the phases of the complex channel gains, h v i , i ∈ T, are not available at the terminals as they change very quickly on the order of a wavelength and thus cannot be tracked. The performance here should be considered as an upper bound on the performance of the more realistic case with imperfect path angle knowledge.
F. Output Signal
The output signal at the typical user under the previously stated assumptions is given bŷ
where z = w * n ∼ CN (0, σ 2 n ), with σ 2 n = σ 2 w 2 , and where we denoted the inner product
with φ := cos(φ) being the directional cosine and x , x ∈ {t, r } the normalized antenna separation.
G. SINR Expression
Based on (8), the instantaneous SINR is then given by
).
Assuming a single antenna receiver N r = 1 (and thus C v i = D l i = n and σ 2 n = n 2 σ 2 ), the SINR in (10) simplifies to
The coverage probability for the typical single-antenna user with SINR as in (11) will be derived under the assumption that all angles are independent and uniformly distributed between [−π, +π ]. We will first assume that a signal cluster with many scatterers reach the receiver (Rayleigh fading assumption) and that each tier experiences blockage. In this scenario the coverage probability is given in Theorem 1. The Nakagami fading distribution is then used to model the less severe fading distribution on the direct cooperating links and two upper bounds on the coverage probability are then derived and are given in Theorem 3 and Corollary 4. The case where there is no small scale fading for the direct cooperating links is then considered and the coverage probability for this case is given in Theorem 5. The exact coverage probability for the Nakagami(m) fading distribution could not be explicitly derived, but only an upper bound; therefore, by setting m = 1 and m = ∞ in the upper bound one can not obtain the exact coverage probabilities for the Rayleigh and no-fading cases in Theorems 1 and Theorem 5, respectively.
III. COVERAGE PROBABILITY WITH RAYLEIGH FADING
The main result of this section is: Theorem 1: The coverage probability for the typical single antenna user in a downlink mmWave heterogenous network with K tiers, and where each tier has a blockage parameter β k , with n base stations having ULA with N t antennas, jointly transmitting to it is given by
, i ∈ [1 : n], refers to the random variable that denotes the inverse of the pathloss, the Laplace transform of the interference (I) and the noise (N) are respectively given by
where the antenna array gain G t (ε) is given in (9), the probability density function of
and f (κ) is the joint distribution of κ = [κ 1 , . . . , κ n ] and is given by
while the intensity (λ) and intensity measure ( ) are given by
Proof: Please refer to Appendix A for the proof. The case of no blockage, as in microwave networks, can be obtained from Theorem 1 as follows:
Corollary 2: By setting the blockage parameters β k = 0, k ∈ [1 : K ], the coverage probability in Theorem 1 corresponds to the coverage probability in the absence of blockage. In this case the intensity and intensity measure in (17) and (18) simplify to
where α LOS is the pathloss without blockage.
A. Numerical Results
Example 1: In this section we numerically evaluate Corollary 2. We compute the coverage probability for the typical user in a mmWave CoMP heterogenous network operating compliant with cellular systems operating at 28 GHz [8] , and compare it to the case with no base station cooperation in the absence of blockage. The aim of this example is to understand the effect of cooperation with different number of transmit antennas. We consider a two tier network, K = 2, with parameters given in Table V. The noise variance is given by σ 2 (dBm) = −174 + 10 log 10 (BW) + NF (dB), where BW and NF are abbreviations for bandwidth and noise figure, respectively. In Fig. 2 the coverage probability in (12) for n = 2 and n = 1 is plotted. This example shows that:
• In the absence of blockage, the increase in coverage probability with cooperation for the case of N t = 8, 16 antennas is almost 11% at T = 5 dB. While the increase is 10% for N t = 32, 64 at T = 10 dB.
• As expected, an increase in the number of antennas at the base stations increases the coverage probability. For example, for the same threshold T = 10 dB, the coverage probability with cooperation and with N t = 16 is approximately 0.5 while for N t = 32 is 0.65.
• The increase in coverage probability with cooperation decreases with an increase in number of antennas since Fig. 2 . Coverage probability in (12) for a two-tier network with parameters in Table V with two cooperating base stations (n = 2) and without base station cooperation (n = 1) and for different number of antennas.
with higher directional transmission interference becomes limited and therefore the gain from cooperation is limited too. Remark 2: The authors in [9] compare a two tier network with parameters (power, noise, intensities) suitable for microwave deployment with and without base station cooperation. An increase of 17% was noted at a threshold T = 0 dB for the case of CoMP with two cooperating base stations and single antenna receiver when compared to the case of no cooperation. We shall show that a comparable gain (16%-18%) to the one reported in [9] can be attained with two cooperating base stations with non fading channel gains in Section V. Thus, the Rayleigh fading assumption considered here provides a worse case scenario.
In the following examples we numerically evaluate Theorem 1 with blockage. The examples provided next illustrate scenarios when cooperation is beneficial (in terms of increasing the coverage probability) and examples when the increase is not substantial. Numerical results suggest that the former is in fact the case when the mmWave network is dense (captured by the tier radius and consequently its intensity) -a feature expected for millimeter wave networks [1] , [7] . This can be interpreted as follows with extreme densification, the number of LOS interfering base stations increases and thus interference increases, a remark also noted in [7] . Therefore, cooperation limits the interference by increasing the number of serving base stations and therefore providing higher coverage probabilities.
Example 2: In Fig. 3 we plot the coverage probabilities for a single tier with parameters given in Table V . A tier with average radius of 80 m is considered with blockage parameters β = 0.003, 0.006, 0.0143 (corresponding to average LOS range which is greater than 80 m for β = 0.003, and an average range that cannot reach a user at the cell edge for β = 0.0143). The coverage probability for this one tier CoMP mmWave network with n = 2 and with base station power available P = 1W is compared with the following cases: Case 1) a one tier Table V with two cooperating base stations (n = 2) and without base station cooperation (n = 1) and for different blockage parameters.
mmWave network with no base station cooperation (n = 1), with a base station transmit power P = 1 W; Case 2) a one tier mmWave network with no base station cooperation n = 1, but with base station transmit power equal to the sum of transmit power if two base stations were to cooperate P = 2 W. This example shows that:
• The increase in coverage probability for both cases is approximately an increase of 0.12 in probability for a threshold T = 5, 10 dB.
• Moreover, it is interesting to note that an increase in the tier blockage parameter (shorter range of LOS links) increases the coverage probability. This can be interpreted as follows: an increase in the blockage parameter increases the probability of blockage of the interfering LOS base stations, resulting in higher coverage probabilities. The curves corresponding to the coverage probabilities to Case 1 and Case 2 are very close since the power at the interfering base stations has also increased with this assumption (which also means that this network is not noise limited). We shall show in the subsequent example, that this observation does not hold for a less dense (large average cell radius) tier with a high probability of NLOS base stations.
Example 3: A tier with an average radius of 250 m and with tier parameters given in Table V and with a blockage parameter β = 0.02 (corresponding to a high probability of blockage and average LOS range of 50 m) is plotted in Fig. 4 . This example shows that:
• The increase in coverage probability due to cooperation in this case is minimal and is approximately 0.05 at all thresholds. This can be interpreted as follows: 1) a tier with high blockages will also block interfering signals, and 2) when the density of base stations is not too dense, the n strongest base stations are not too strong to cause a substantial increase in coverage probability due to the fact that distance at which these cooperating base stations are located increases too (thus received power decreases). 4 . Coverage probability in Theorem 1 for a one-tier network with parameters in Table V with two cooperating base stations (n = 2) and without base station cooperation (n = 1).
• As seen in Fig. 4 , increasing the power at the base station (but no cooperation) provides higher coverage probability than the case with base station cooperation. We shall show that the observations made for this example do not hold when there is no fading on the direct links from the cooperating base stations in Section V.
Example 4:
In an attempt to understand whether the observations (relatively smaller cell radii tier benefit from base station cooperation more) hold for a network that is not noise limited as in Example 2 but for a larger number of antennas at the base stations, we consider the example of a dense mmWave tier network (average radius of 50 m) and N t = 64 and with network parameters as in Table V . In Fig. 5 we plot the coverage probabilities corresponding for the different cases which are described in Example 2. The observations made in Example 2 hold for this example too with almost the same increase (11%) in coverage probability for a threshold T = 10, 15 dB.
IV. COVERAGE PROBABILITY WITH NAKAGAMI FADING
In this section we consider the same network model described in Section II but choose a different fading distribution on the channel gains from the strongest cooperating base stations, similar to [4] . In particular we consider Nakagami fading with parameter m, while keeping the same assumption of Rayleigh fading for the interfering channel gains. By using the coverage probability expression for a general fading Table VI with two cooperating base stations (n = 2) and without base station cooperation (n = 1). distribution [16, Eq. 2.11], we are then able to derive an upper bound (since an upper bound on the strength of the desired signal has been considered) on the coverage probability for this network. We then consider another upper bound by evaluating the network in the absence of interference. The main result of this section is as follows Theorem 3: An upper bound on the coverage probability for the single antenna typical user in a downlink mmWave heterogenous network with blockage with K tiers, where each tier has a blockage parameter β k , and with n base stations having ULA with N t antennas jointly transmitting to it, with the assumption of Nakagami(m) fading on the cooperating channel gains is
where T :=
, i ∈ [1 : n], refers to the random variable that denotes the inverse of the pathloss, and the joint distribution of κ = [κ 1 , · · · , κ n ] is given by (16) , where the Laplace transform of the interference (I) (by assuming Rayleigh fading on the interfering links) is given by (13) and the Laplace transform of the noise (N) is given by (14), the intensity and intensity measure are given by (17) and (18), respectively, and where the Laplace transform for the upper bound on intended signal is given by
Proof: The main idea is to upper bound the true sig-
This has been done as a closed form expression for the distribution of S is not available, to the best of our knowledge. The distribution is exact if n = 1. Please refer to Appendix B for a detailed proof. Next, we consider another upper bound, given in Corollary 4, on the coverage probability with Nakagami fading presented in Theorem 4. In this bound, we still coherently combine the direct link gains, as in Theorem 3, but in addition we neglect the interference term by setting L I (s) = 1. The two upper bounds are expected to give almost equal coverage probabilities in noise limited networks where indeed interference is negligible. We will show that this in fact the case, by a numerical example later on.
Corollary 4: Under the same assumptions and with the same notation convention as in Theorem 3, an upper bound on the coverage probability in the absence of interference is
and where g (i) (z) is the i − th derivative of the function g(z). Proof: Please refer to Appendix B for the proof. Before moving to numerical examples to exemplify the performance with Nakagami fading, we would like to point out that for the case without base station cooperation, that is n = 1, the coverage probabilities in (24) and (26) are exact (i.e., not an upper bound).
A. Numerical Results
Example 5:
We consider a one tier network with two cooperating base stations and with tier parameters given in Table VI . The coverage probability in (24) for the case of m = 3 with and Fig. 6 . Upperbounds on coverage probability in Theorem 3 and Corollary 4 for a one tier network with parameters in Table VI and for n = 2 (two cooperating base stations) and for n = 1 (no CoMP). The lower bounds are plotted using Theorem 1.
without base station cooperation are plotted. The purpose of this numerical example is to show that for tiers with high probability of blockage, in this case taken to be β = 0.025 (corresponding to a high probability of blockage and average LOS range of 40 m), evaluation of the coverage probability of the network with and without the absence of interference yields almost exact numerical results. Therefore, we fix n = 2 and we plot the coverage probability in (24) and (26) for: Case 1) m = 3 and n = 2. We use Theorem 1 to plot the coverage probability for the Rayleigh fading; Case 2) m = 1 and n = 2 (also with and without interference). The two curves shown in Fig. 6 for each of the cases corresponding to the Rayleigh and Nakagami fading almost exactly overlap. Therefore, we have the following conclusions:
• The exact coverage probability with cooperation (n = 2) and with Nakagami fading distributed desired links lies in between the upper bound (red) and the lower bound (black).
• For mmWave networks with high blockage, the network is noise limited (blue and red curves are almost overlapping in Fig. 6 ), therefore the probability that the SNR (as opposed to SINR) is greater than a non-negative threshold (P(SNR > T )) is almost equal to the P(SINR > T ).
• For the case with no CoMP, n = 1, coverage (exact and not upper bound) is at most 6% higher when Nakagami fading with parameter m = 3 is considered as compared to the Rayleigh fading on the desired links (cyan and magenta curves in Fig. 6 ).
V. COVERAGE PROBABILITY WITHOUT SMALL SCALE FADING
In this section we consider the same network model as in Section II but where the cooperating channel gains do not experience any fading. As shown in [17] , the assumption of having no small scale fading from the serving base stations is a good assumption in mmWave systems due to the highly directional transmission and when the receivers are not present in a rich scattering environment (in rich scattering environments Rayleigh fading may be more reasonable). The Rayleigh distribution is used to model the fading distribution of the interfering channel gains. Interestingly, we will show through numerical examples that the increase in coverage probability with two cooperating base stations is more pronounced when the cooperating channels experience no fading than that obtained when the fading is assumed to be the Rayleigh fading.
Theorem 5: The coverage probability in the absence of small scale fading for the typical single antenna user in a downlink mmWave heterogenous network with blockage with K tiers, where each tier has a blockage parameter β k , and with n base stations having ULA with N t antennas jointly transmitting to it, with the assumption of no fading on the cooperating channel gains is
, i ∈ [1 : n], refers to the random variable that denotes the inverse of the pathloss and the joint distribution of κ = [κ 1 , . . . , κ n ] is given by (16) with an intensity and intensity measure as in (17) and (18), respectively, and where
and L N (s) = e −sσ 2 /N t . Proof: The proof follows easily from finding the Laplace transform of the desired signal and is thus omitted for sake of space.
A. Numerical Results
Example 6: In this example we numerically evaluate Theorem 5. We consider a one tier network with tier parameters given in Table VI . The coverage probability in Theorem 5 with two cooperating base stations is plotted against the two different cases described as in Example 2. We also plot the three curves corresponding to the Rayleigh fading assumption on the cooperating channel gains in Theorem 1. The curves in Fig. 7(a) suggest that:
• The increase in coverage probability with CoMP is mainly due to a power increase since the curve corresponding to the case when there is no CoMP but with double transmit power is very close to that of the curve of having two cooperating base stations but with half the transmit power. This also implies that this network is noise limited. This observation is valid for the networks where gains from cooperating base stations are non fading or when they are Rayleigh fading. • It is interesting to note that the increase in probability with two cooperating base stations (almost 18% for threshold T = 5 dB) for the case when there is no small scale fading exceeds the increase with CoMP (5% for the same threshold) for the case when the channel gains are Rayleigh distributed and hence implying that CoMP provides larger gains for mmWave networks with no small scale fading from the serving base stations.
Example 7:
In an attempt to understand whether the observations made in Example 6 hold for a network which is not noise limited, we consider the network in Example 2 (β = 0.003) and compare the Rayleigh fading case to the case when there is no small scale fading. In Fig. 7(b) we plot the curves corresponding to the different cases as explained in Example 2 along with the curves corresponding to the coverage probabilities non fading networks in Theorem 5. The increase in coverage probability with CoMP (n = 2) is an increase of 16% at threshold T = 10, while the increase with CoMP for the Rayleigh fading case is almost 12% at the same threshold.
VI. CONCLUSIONS
In this paper we considered the problem of base station cooperation in mmWave heterogenous networks. Using stochastic geometry, coverage probabilities were derived at the typical user, accounting for directionality at the base stations, blockage, interference and different fading distributions. Numerical results suggest that coverage with CoMP rival that with no CoMP especially in dense mmWave networks with no small scale fading on the cooperating channel gains. Future work includes deriving the coverage probability at a multi-antenna typical receiver and accounting for possible errors due to beam steering. Characterizing the rate tradeoff with the increase in load (number of served receivers) on each mmWave base station with base station cooperation, incorporating different fading distributions for LOS and NLOS links and re-assessing the mmWave network accordingly are part of ongoing investigation.
APPENDIX A PROOF OF THEOREM 1
The analysis of the coverage probability for the mmWave heterogeneous network is similar to that in [9, Appendix A] with three major differences. The first difference is the presence of multiple antennas at the transmitter. The second difference is that the interference is a function of i.i.d uniformly distributed random variables, assuming that the path angles are independent and uniformly distributed over [−π, +π ]. The third difference is blockage that makes the pathloss exponent a random variable.
Let
The pathloss α is a random variable that takes on values α LOS and α NLOS with probability e −β k v and 1 − e −β k v respectively (note that we have dropped the . of v for easier notation). Then the process = ∪ K k=1 k is a non-homogenous PPP with density λ(v) = 
with
A. Distribution of Strongest Base Stations
We assume that the elements in the process are indexed in increasing order.
then κ = {κ 1 , . . . , κ n } denotes the set of inverse of the pathloss of the cooperating base stations. We first present the distribution of the two nearest base stations by following similar steps as done in [19] , then derive the distribution of the n closest base stations. The distribution of the closest two base stations (assuming two cooperating base stations) is given by
where the distribution of the first base station with strong received power is obtained from the null probability of a PPP and is given by
while the conditional distribution is given by
The joint distribution for the case of n = 2 base stations is obtained by substituting (32) and (33) in (31). The result can be generalized to any number n of cooperating base stations
B. Derivation of Coverage Probability
We have assumed that the cooperating base stations have inverse of pathloss κ i by i ≤ n, then the desired signal power at the numerator of (11) can be re-written as
We have that the interfering base stations are indexed with i > n, then the power of the interference I can be expressed (by replacing the index l i with just i) as
The coverage probability for a threshold T , can be re-written
where (a) follows from the cumulative density function of the exponentially distributed random variable S (due to Rayleigh fading assumption) with mean are random variables with the following common probability density function
is the result of the convolution of the probability density functions of φ t l i and θ t l i and is given by
Then the Laplace transform of the interference can be derived
where ( 
Remark 4:
A more accurate antenna gain function should account for the side lobe gain which is ideally non-zero, such as cone plus sphere model [20] . The approximation in (38) is a good approximation for an array with large number of antenna elements.
APPENDIX B PROOF OF THEOREM 3 AND COROLLARY 4
C. Proof of Theorem 3
Let us re-consider a different distribution on the direct linkswhile keeping the same Rayleigh fading assumption on the interfering links -in particular let us consider that the fading is Nakagami with shape parameter m and scale parameter θ = 1. In this case we will derive the distribution of an upper bound on the desired signal in particular the distribution of
where T = 
D. Proof of Corollary 4
The coverage probability in the absence of interference is given by (24) with L I (s) = 1 is P(SNR > T ) = 
In the following we seek to solve Q. Note that a pole of order nm exists in the integrand thus the integral Q can be solved using contour integration and its Residue (Res) is
= lim
The function f (z) can be re-written in the following form 
Then after substituting the functions in (40), we can express the integral I as
